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Theory of water waves derived from a
Lagrangian. Part 1. Standing waves
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A new system of equations for calculating time-dependent motions of deep-water
gravity waves (Balk 1996) is here developed analytically and set in a form suitable
for practical applications. The method is fully nonlinear, and has the advantage of
essential simplicity. Both the potential and the kinetic energy involve polynomial
expressions of low degree in the Fourier coefficients Y,(t). This leads to equations of
motion of correspondingly low degree. Moreover the constants in the equations are
very simple. In this paper the equations of motion are specialized to standing waves,
where the coefficients Y, are all real. Truncation of the series at low values of |n|, say
n < N, leads to ‘partial waves’ with solutions apparently periodic in the time t. For
physical applications N must however be large. The method will be applied to the
breaking of standing waves by the forming of sharp corners at the crests, and the
generation of vertical jets rising from the wave troughs.

1. Introduction

The equations of motion for the irrotational motion of an ideal, incompressible fluid
with a free surface are commonly derived from a Hamiltonian expression, in which the
surface displacement and the velocity potential at the surface are taken as canonical
variables (Zakharov 1968). The evaluation of the potential function generally requires
a Hilbert transformation, and especially in high-order expansions in powers of a
parameter the coefficients in these expansions become extremely complicated; see for
example Glozman, Agnon & Stiassnie (1993). A very much simpler and more natural
system of equations has been introduced by Balk (1996), based on a Lagrangian. In
this system not only are the kinetic and potential energies polynomial expressions of
finite degree (< 4) in the independent coordinates (as opposed to infinite order in
the case of a Hamiltonian system) but the coefficients in these expressions are mainly
low integers. This makes the equations of motion relatively simple to program for
numerical computation, and facilitates the discussion of various approximations.

The Lagrangian scheme introduced by Balk for any general, time-dependent defor-
mation of the free surface (including overturning waves) is in fact a generalization
of the cubic system of equations for steady, progressive Stokes waves discovered by
the present author (Longuet-Higgins 1978). These equations also were found to be
derivable from a low-order polynomial Lagrangian (see Longuet-Higgins 1985).

However, the comparative simplicity of the general Lagrangian system has so far
remained unexploited. The purpose of the present sequence of papers is to show how
Balk’s (1996) analysis can be developed, and to examine some of its applications. We
begin in the present paper with the case of standing waves, periodic in space but not
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necessarily in time. General equations are derived in §§ 2 to 4. An important part in the
analysis is played by the determinant A of the equations of motion, which must not
vanish in order for time-stepping to proceed. It is shown in §5 that this determinant
factorizes. Some insights can be gained by considering low-order approximations (i.e.
truncations of the Fourier series) as is shown in §§6 to 8. High-order approximation
will be used in later papers for a discussion of two phenomena displayed by standing
waves, namely breaking at the wave crests and the forming of strong vertical jets
(‘flip-through’) rising out of the wave trough.

2. The Lagrangian

It is shown by Balk (1996, § 2) that in any two-dimensional irrotational wave motion,
periodic in the (horizontal) x-direction with period 2w, the coordinates (X,Y) of a
point on the free surface may be expressed in the form

X4iY =&+ (X, +iY,)e™, (2.1)

—0o0

where X_, =X, and Y_, =Y,

no’

a star denoting the complex conjugate; also
Xn = iO—n Yna (22)

where o, equals +1,—1 or 0 as n is positive, negative or zero respectively. From (2.1)
it follows that

(e 9]
X=¢4) i Y, e,

—o0
o0

_ —iné

Y = E Y,e ",
—o0

so that the Y,(t) may be taken as the time-dependent coordinates of the fluid. These
are subject to the constraint that the mean level Y, given by

(2.3)

1 2n

Y=— YdX = Yo + no, YnY,, (24)
2 0 m%;0
shall vanish. Thus we have always
Yo=—=> InY, Y., (2.5)
The Lagrangian % is defined as
L=T-7, (2.6)

where V and T are the mean potential and kinetic energy densities per unit horizontal
distance. As in (2.4), V is found directly from (2.3):

2n
2V=/ v2dx = Y vve+ Y ne Vv, v, 2.7)
0

I4+m=0 I+m+n=0

all the summations running from —oo to oo.
In a similar way, the velocity potential ¢(¢,t) and the streamfunction (&, t) at the
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free surface can be expressed in Fourier series analogous to (2.3):

o0

_ 2 : . —iné

¢ - 10, Bn € 5
—0

% (2.8)
P = Z B, e ",
Then the kinetic energy density T is given by
1
=5 gy - Z n|B,B_,. (29)

The crucial step taken by Balk (1996) was to show that the kinematic boundary
condition at the free surface can be expressed as

w& = X[Y£ — YtXf, (210)
which allows the coefficients B, to be related directly to the Y, by
ian = Yn + Z (O’[ - O-m)lYlYm (n 7& 0)7 (211)
I+m=n

a dot denotes d/dt. We can always choose

By =0. (2.12)
It is convenient to write
| 2nY,, n#0
a, = { 1, n= 0, (2.13)

so that when, for example n<0(2.11) gives
inB,=(..aY,2+aY, i +aY,)+ a.Yo+ (a1 Y1 + a2 Y + ). (2.14)
From (2.11) we have also

Yo=—(..asY a4+ aY s5+aY o +aY ) — (a1 Yi+anYo+-). (2.15)

3. Standing waves

So far the equations are quite general. However, in standing waves the coordinates
Y,(t) may be chosen to be all real. The above formulae are then simplified and, from
equations (2.8) to (2.13), we find

AT =111+ ay —ara))as + Hay + a3 — ara)ar + Har + as — ayaz)as + -+ 1
0 a3 —ama)a + 31+ ay — axa0)ar + $(ar + as — azaz)az + -+
+103( a5 — asar)a + 3( as — a3a)ay + 31 + ag — azaz)as + - -1

+-o, (3.1)

or more compactly

0 0 2
= Z (Z Pmn an) 5 (32)
m=1 n=1
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where

Pmn = 17(an—m + Aptm — Ap a”) (33)
m!'/2n

provided that a,_,, is replaced by 0 when n < m. Writing equation (3.2) in the form

AT =) <Z P ak> (Z Py a,) (3.4)
m=1 \k=1 1=1
and reversing the order of the summations we obtain

2T =33 Quina (35)
1 1

where

o0
Ou = % ; Py Py (3.6)
In other words, the matrix of the quadratic form (3.5) is the column-by-column
product of the matrices (P,) and (P,;). Note that P, is of maximum degree 2 in
the coefficients a,. Hence T is of degree 2 in a,a,... and of maximum degree 4
in ap,dy,... .

Consider now the degree of the terms in the potential energy V, given by equation
(2.7). The right-hand side of (2.7) still contains the dependent variable Y;. The first
summation contains term Y, while the second contains some terms with no more
than one of [,m,n equal to 0 (for, if any two of I,m,n are zero, then so are all three,
making |[| vanish). Since by (2.5) Y, is quadratic in the remaining Y, altogether V
has maximum degree 4 in Yy, Ys,... .

4. The equations of motion

As independent coordinates we may take the coefficients ai,a,,... defined by
equation (2.13). Lagrange’s equations of motion are then
d [0& 0¥
— = =1,2,... 4.1
dt<8an> da, T T (4-1)

which can be written

d /oT oT oV
de <aa,,> ~da,  Oa,’ (42)
Consider first the terms involving T. From equation (3.5) we have
) -
= al d 4.3
3 ; Qu (43)
and therefore
d /0T ..
(5 ) T owa+r, @4)

where

R,=)" d(%"’ a=> > %%Z’ a a. (4.5)
1
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Also on the left of (4.2) we have from equation (3.5)

aa,, -2 zz Wu, 46)

After combining the two quadratic forms (4.5) and (4.6) and writing the latter more
symmetrically, the left-hand side of equation (4.2) reduces to

> Quin—> > SuLk)aa, 4.7)
I k

I

where
ani ain 6an
Su(k, ) = = — . 4.8
(k1) = ( da, oay oa; (48)
Note that when k = n or [ = n, two of the terms in this expression cancel.
In order to calculate 0Qy,;/da, we have from (3.6)
anl 1 aPml 6Pmk
= = Pm Pm 4.9
da, 2;( k&an+ l@an> (49)
while from (3.3)
0P,y
=0
oa,
+1 ifn=I1—-m
+1 ifn=I14+m
—a, ifn=I1
—a; ifn=m. (4.10)
Lastly for the terms involving V' in equations (4.2) and (4.7), note that
OV 3Y,
4.11
aan Z aYk oa,’ (4.11)
where
2|1| if k=+n
oYy h
da, ~) Yo ifk=0 (4.12)
0 otherwise;
also that

0 .
Yy
| V1Y, ifk=n.
To summarize, Lagrange’s equations of motion (4.1) can be expressed in the form

> Quir =YY Sk Daa+ U, n=12.., (4.14)
l

! k

where Q,; is of maximum degree 4 in the coordinates ay,ay,..., while S, and U, =
—0V /da, are each of maximum degree 3.
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5. Solution of the equations

In order to solve equations (4.14) we may suppose a,(t) = 0 for all n greater than
N, say, and proceed by successive approximations as N is increased indefinitely. Given
some starting values for a, and a, at an initial time ¢t = 0, equations (4.13) comprise
a set of simultaneous equations for determining &, d,,...dy. These can be solved
provided that the determinant

Ay =110l (5.1)
does not vanish. Some interest therefore attaches to the conditions under which
Ay =0. (5.2)
Now from equation (3.6) we have
1
Ay = 55 1Py (53)

so that the vanishing of Ay depends solely on the vanishing of | P;;||. Moreover from
equation (3.3) we have

HPin = WDN, (5-4)
where Dy is the (N x N) determinant
(1+a—aa) (a+a—aa) (a2+as—a1a;)
( a—ama) (I +as—aa) (a1 +as— axas)
Dv=1( w—wa) (  as—ama) (0 +a—aa) (5:3)
Consider now the (N + 1) x (N + 1) determinant
1 aj ap as
ar (I1+a) (a1+as3) (a2+aq)
Ex=|® @ (1+ay) (ar+as) - | (5.6)
az ag as (1 + ag)

On subtracting from the ith column of the determinant a; times the first column we
reduce each element of the first row to 0, except for the first element which is 1. It
follows that

Dy = Ex. (5.7)

Now in Ey the sum of the elements of each column is
(+)
Lta+a+-—+ay=>» . (5.8)
say. Each element in the first row may therefore be replaced by S°". Hence > " is a

factor of the determinant Ey. Now multiplying the second row by 2, adding to this
2x each of the other even rows and subtracting from this the first row, we see that



Theory of water waves derived from a Lagrangian. Part 1 281

all the elements of the second row become equal to + ZH where
(=)
Z =l—-at+a—a+a—-. (3.9)

Hence Z(_) is also a factor of Ey. After extraction of these two factors the remaining
determinant is

1 1 1 1
-1 1 —1 1

Fy = % ay a3 (I4+a) (ar+as) - | (5.10)
as  dg as (1 + ae)

Altogether then, from equations (5.3), (5.4) and (5.10) we have

1 +) (=)
Ay = 2N(N1) (Z Z FN)

As will be seen below, the vanishing of Z‘H or Z(_) is associated with the formation
of a cusp at the free surface.

If Ty and Vy denote the truncated forms of the kinetic and potential energies, and
if ¥y = Ty — Vy we note that an exact integral of the equations

2

(5.11)

d (0Ly\ 0Ly _
@ < 2a, ) = 2a n=12,...N, (5.12)
is
Hy = Ty + Vy = constant. (5.13)

Equation (5.13) may be derived on multiplying each side of (5.12) by a, and then
summing with respect to n from 1 to N. For, if f is any function of ay,...ay and
ay,...ay, formally independent of the time ¢, we have identically

N
d (& of Y /dof  of
=3 (Zaaa> —zljan (dtaan — aa) (5.14)

When f = £y the last group of terms vanishes by (5.12), and since Ty is quadratic
in ai,...ay we obtain

o= 2T (5.15)

whence on integration (5.13) follows.

In the following two sections we shall explore the two lowest-order approximations
N =1 and N = 2. Although their validity is strictly limited to small values of a; and
a», the behaviour of the approximations at larger values of a; and a,, and the manner
in which the approximations fail, will be seen to be of interest in later work.
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FIGURE 1. Family of surface profiles given by equations (6.1) (the case N = 1).

6. The case N =1

In the simplest case we set a; = a3 = -+ = 0, so that the free surface profile is
given by
x=¢& 4+oasiné,
(6.1)
y=Yy+acosé,
where o = a; and Yy = —%ocz. This is the parametric equation of a cycloid; see figure

1. Physically admissible solutions are limited to || < 1. When o = +1 the profile has
a downward-pointing cusp.

The dynamical equations take into account only the self-interaction of the funda-
mental harmonic. Thus from §2 we have

4T, = (1 — o?)?a?, } 62)
4V = o — Lot
The single Lagrange equation (5.12) becomes
% [L(1—o?)e) = —a(l — o?)s® — Jo(1 — o) (6.3)
and after dividing through by (1 — &%) we obtain
(1 — o) — 206° + o0 = 0. (6.4)
The energy integral (5.13) is
(1 — o?)?6® + (o — %oc“) =4H, (6.5)
whence
2= 4H —o*(1 — 1o?) (66)

(1 —a?)
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FIGURE 2. Graphs of «(t) covering half a wave period, for different values of oy = «(0),
assuming that &(0) = 0.

and

B o0 (1 . 062)
= /ry [4H — o2(1 — %a2)]1/2 da. (6.7)

Equation (6.7) can also be written as

%o 1— 2
t= i\ﬁ/z [(1—o2) i c2]'/2 da, (6.8)

where
C’=(1—0o)=1—8H. (6.9)

Figure 2 shows o as a function of the time ¢ for various values of oy = 2(0), assuming
that at t = 0 the fluid is at rest. When oy is small, a(t) is simply a sine-wave with
period 2m. Only the section of each curve for which o > 0 is shown. In the hypothetical
limiting case o9 = 1 we have C = 0 and so equation (6.9) gives

=21 —a), (6.10)

that is to say a pair of straight-line segments. The crest of the wave then rises or falls
uniformly when ¢ # 0, with an instantaneous, large negative acceleration at t = 0.

7. The case N =2
On writing a; = o and a, = f, the free surface is now given by

x=¢ 4+ asiné + 1fsin2¢,
2h (7.1)
y =Yy +acosé+ 1pcos2¢,
where
Yo =—1oa —1p°% (7.2)
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FiGURE 3. Outer limits for the point (o, f) = (ay,ay) in the (o, f)-plane.

Outer limits for o and f are given by the vanishing of Ay in equation (5.11). Since in
(5.10)

) 1 1
F; = 5 -1 1 =1 |=(0-p8), (7.3)
g 0 1
the outer limits are given by
I+a+p)Ll—a+p)(1—-5)=0 (7.4)
which represents the three lines
o+pf=—1, a—pf=1 and p=1. (7.5)

These are shown in figure 3, indicated by the symbols aa, bb and cc respectively.

It appears that whenever the point (o, f) lies on any of the lines (7.5) the corre-
sponding profile (7.1) has a downward-pointing cusp. Some examples, indicated by
the points A, B, C, D and E in figure 3, are shown in figure 4. In addition, there
are limits arising from the need to avoid loops or double points in the profile. These
limits correspond to the curved boundaries in figure 3. Thus (o, ) is limited to the
interior of the triangle defined by the lines (1), (2) and (3), and excluding the shaded
areas in the two upper corners.

The evolution equations are derived from the Lagrangian ¥, = T, — V, where

AT, = [(1+ B — oP)s+ 3 — af)BT* + 3lupic — 5(1 — BB,

(7.6)
AV = (o + %) + 2B — 3(o7 + 7).
The equations of motion for o and f are then
Li+ MpB = —3[L,&* + 2Lgap + (2My — N,)B*] + Ci,
(7.7)

M+ N = —3[(2M, — Lg)i® + 2N,af + Nyp*l + Cs,
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FIGURE 4. (a—f) Surface profiles corresponding to the points A to F in figure 3.

where
L=2(1+p—0*)?+ap%
M = (1 = B)(1+ f —o?) — Sap(1 — ),
N =32l = By + (1= B,

285

(7.8)
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t t

FIGURE 5. (a) Trajectory of (o, ) when N = 2 and with starting values o« =04, f =0,4 = = 0.
Time interval 0 < t < 22.3. Interval Ar between plots=0.1. (b) As in (a) but with 0 < t < 44.6.
(c¢) Graph of o(t) for (a), showing ten oscillations. (d) Graph of f(t) for (b), showing seven oscillations.

and

C, = _a2) 2
1=20(1 4+ —ao’) —ap”, (19)
Cr= (1 — ) — L1 — p2).

Some examples of the trajectories of («, ) are shown in figures 5 to 7. In each case
the motion starts from rest: &(0) = $(0) = 0, so that the total energy H is just equal
to the initial potential energy V(0).

For disturbances of very small initial amplitude one would expect the coefficients o
and f to oscillate independently, each with its own frequency. Thus o« would oscillate
harmonically with frequency 1 and f with frequency /2 = 1.414... . The ratio of
the frequencies being irrational, the combined motion would be non-periodic, in the
small-amplitude limit. However, very slight nonlinearity may cause the frequencies to
become compatible, resulting in a periodic orbit. One such example is shown in figure
5(a) where the initial amplitudes are

2=-04, p=0. (7.10)
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FIGURE 6. (a) Trajectory of («, /) when N = 2 and with starting values o = 0.4, f = —04,

4=p=0.t=0.00.1)12.7. (b) Graph of «(t) for (a). (c) Graph of f(t) for (a).

The crosses mark points on the trajectory separated by time-intervals 0.1 (one hundred
time steps At). After time t = 22.3 the point (o, ) is close to the opposite point (0.4,
0.0) where, because of conservation of energy, the velocities o are very small. At time
t = 44.6, (o, f) has returned practically to its initial position. In the intervening time,
o has executed seven complete oscillations and f has executed ten (see figures 5b and
5¢). So the ratio of ‘frequencies’ is 10 + 7, i.e. 1.429 approximately.

A simpler example is shown in figure 6(a), where the starting point is

x=04, p=-04 (7.11)

At t = 12.8,(a, f) returns to its starting point, o« having executed two oscillations
and f§ three, the ratio of frequencies being 1.5. Compared to o(t), the form of f(t) is
remarkably sinusoidal.

A third example is shown in figure 7(a). Here the initial amplitudes are

2=05  B=0. (7.12)

The initial energy is sufficiently large that after just over half an oscillation of the
fundamental o(t) the trajectory of (o, f) runs off the scale. The point (o, f) accelerates
toward the boundary, as is shown by the curve of «(t) in figure 7(b). The critical
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FIGURE 7. (a) Trajectory of (a, f) when N = 2 and with starting values o = 0.5, f =0, = =0.
(b) Graph of «a(t) for (a). (c) Logarithmic plot of &(t) near the critical instant t. = 4.211.

time t at which (o, f) crosses the boundary is . = 4.211 approximately. The final
acceleration |¢| as t approaches t. is shown in figure 7(c) on a logarithmic scale. The
acceleration varies as |t — t.|*, where Z is a constant. This behaviour is typical of any
function f(t) satisfying an equation of the form

ff=cf? (7.13)

when f passes through a zero.
In all of the above numerical integrations the total energy H remained a constant
to within one part in 10°.

8. The case N =3
This last special case to be discussed is the simplest for which not all the factors

of Ay are linear. Thus from equation (5.11) on writing N = 3 and ay,ay,a3 = o, 3,y
respectively we have

1

A =13

(A 4+oa+ B+ —a+p—7y)°F;, (8.1)
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FiGure 8. Outer limits for (o, f) = (ay,a;) in the case N = 3, when a; = 0.5.

where by (5.10)

0 1 0 1
-1 1 -1 1
Fy = By 1 4 ) (8.2)
0 0 1
which on expansion gives
Fy=(1—p)+ (@—7y). (8.3)
Whereas in (8.1)
l1+a+p4+y=0 (8.4)
and
l—a+p—y=0 (8.5)
represent bounding planes in the space of (o, f8,7), the last factor
(I=p)+(@=p)y=0 (8.6)

represents a quadric surface (hyperboloid). Nevertheless the intersection of this surface
with any plane y = constant is a straight line in that plane. When y = 0, of course,
equations (8.4), (8.5) and (8.6) reduce to the lines aa, bb and cc of figure 3. In the
more typical case when y = 0.5, these lines appear shifted as in figure 8. Thus aa
is lowered by an amount 7, bb is raised by y and cc is tilted with inclination y and
passes through the point (o, ) = (y,1). We may call the triangle formed by aa, bb
and cc the basic triangle.

The origin (0,0), which corresponds to infinitesimal orbits, always lies in the
interior of the basic triangle so long as |y| < 1, and it can be verified that points (o, )
lying on the sides of the basic triangle always correspond to surface profiles having
downwards-pointing cusps.

We show one example of a time-history «(t), f(¢),y(t) when the initial conditions
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FIGURE 9. (a) Trajectory of (o, /) when N = 3 and with starting values « =04, f =7y =0,
& = f =9 = 0 (compare figure 5a). (b) Trajectory of («, y) corresponding to (a). (c¢) Root-mean-square
values of o, f and y as functions of the time t.

are that at time t =0

o =04, p=y=0 (8.7)
and &, 8,7 all vanish as before. A plot of § vs. o alone is shown in figure 9(a), and
the corresponding plot of y vs. o in figure 9(b). Comparing figure 9(a) with figure
6(a), where the initial conditions were similar except that y was restricted to be 0, we
see that trajectories of (o, f) appear very different and the motion is less periodic. An
approximate complete cycle 0 < ¢ < 44.0, is shown in figure 9(c).

It will be noted that the r.m.s. values of o, f and y are all of comparable magnitude.

9. Conclusions and discussion

We have transformed Balk’s (1996) system of equations into a more usable form
and specialized them to the case of standing waves. The general system of equations
(4.14) for the independent coefficients a,(t),n = 1,2,... may be truncated at n = N
and used for time-stepping the motion, provided that the determinent Ay of the
system does not vanish, as is true for sufficiently small a,; see equation (5.5).

Low-order representations of standing waves have well-defined zones of existence
in a,-space. The boundaries are mostly straight lines or planes. As these boundaries
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are approached, the corresponding surface profiles are found to develop downward-
pointing cusps. In the case N = 2 a choice of simple initial conditions strongly suggests
the existence of periodic ‘waves’ analagous to those corresponding to a truncated
Hamiltonian which were found by Glozman et al. (1993). However, the addition
of a non-zero third harmonic (N = 3) radically affects the periodicity. The motion
then appears to be chaotic, in a way resembling that found in truncated models
of progressive waves. However, as noted by Glozman et al. (1993) the stochastic
properties of truncated models depend strongly on the order of truncation. In order
to study chaos or periodicity in ‘real’ waves it is necessary to take the approximation
to high orders, as was done by Agnon & Glozman (1996) for a Hamiltonian system.
We do not pursue the subject here.

An application of the equations to some interesting aspects of standing-wave
behaviour which require approximations of large order N leading to high numerical
accuracy will be given in a future paper (Longuet-Higgins 2000).

This work has been supported by the US Office of Naval Research under Contract
N00014-94-1-0008.
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